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Transversely isotropicmaterials or hexagonal crystals are commonly utilized in various engineering ﬁelds;
however, dislocation solutions for such special materials have not been fully developed. In this paper, we
present a comprehensive study on this important topic, where only Volterra dislocations of the transla-
tional type are considered. Based on the potential theory of linear elasticity, we extend the well-known
Burgers displacement equation for an arbitrarily shaped dislocation loop in an isotropic elastic full space
to the transversely isotropic case. Both the induced displacements and stresses are expressed uniformly in
terms of simple and explicit line integrals along the dislocation loop.We introduce three quasi solid angles
to describe the displacement discontinuities over the dislocation surface and extract a simple step func-
tion out of these angles to characterize the dependence of the displacements on the conﬁguration of
the dislocation surface. We also give a new explicit formula for calculating accurately and efﬁciently
the traditional solid angle of an arbitrary polygonal dislocation loop. From the present line-integral repre-
sentations, exact closed-form solutions in terms of elementary functions are further obtained in a uniﬁed
way for the displacement and stress ﬁelds due to a straight dislocation segment of arbitrary orientation.
The non-uniqueness of the elastic ﬁeld solution due to an open dislocation segment is rigorously discussed
and demonstrated. For a circular dislocation loop parallel to the plane of isotropy, a new explicit expres-
sion of the induced elastic ﬁeld is presented in terms of complete elliptic integrals. Several numerical
examples are also provided as illustration and veriﬁcation of the derived dislocation solutions, which
further show the importance of material anisotropy on the dislocation-induced elastic ﬁeld, and reveal
the non-uniqueness feature of the elastic ﬁeld due to a straight dislocation segment.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
On the mesoscopic scale, dislocations play a crucial role in
understanding the plasticity and strength of crystalline materials.
As a powerful tool in mesoscale simulation, three-dimensional
(3D) dislocation dynamics (DD) predicts macroscopic properties
of crystals by directly simulating the interaction and evolution of
large groups of discrete and randomly distributed dislocation lines
within crystals in response to external loads (Kubin et al., 1992;
Devincre and Condat, 1992; Zbib et al., 1998, 2000; Rhee et al.,
1998; Verdier et al., 1998; Schwarz, 1999; Ghoniem and Sun,
1999; Ghoniem et al., 2000; Cai et al., 2004; Wang et al., 2006;
Arsenlis et al., 2007). For instance, DD simulations have beenll rights reserved.
gineering and Department of
44325, USA. Tel.: +1 330 972
. Yuan), chenwq@zju.edu.cnsuccessfully utilized to study the effect of cross-slip and short-
range interactions on dislocation patterning (Devincre and Kubin,
1997; Devincre et al., 2001; Madec et al., 2002), the role of collinear
dislocation interaction in multislip hardening of fcc metals (Madec
et al., 2003), the plastic anisotropy of ﬂow stress in fcc single crys-
tals (Wang et al., 2009), the size-dependence of ﬂow stress in fcc
metallic micro-pillars under uniaxial loading in the absence of
strain gradients (Senger et al., 2008; Weygand et al., 2008), the dif-
ference in dislocation behavior and strengthening mechanism
between fcc and bcc sub-micrometer pillars under uniaxial com-
pression (Greer et al., 2008), the size-dependent plasticity in poly-
crystalline thin ﬁlms (von Blanckenhagen et al., 2004; Espinosa
et al., 2006; Zhou and LeSar, 2012).
In 3D-DD simulations, dislocation lines are discretized into a set
of straight or curved dislocation segments of arbitrary orientations
with general Burgers vectors. The computation of long-range pair
interactions among these dislocation segments is very time-
consuming, mostly on the evaluation of the stress ﬁeld of one seg-
ment on another segment. For the sake of computational simplicity
Fig. 1. Illustration of two types of simple dislocation loops in Cartesian coordinate
system: Type-I shows a generally oriented loop, and Type-II shows a specially
oriented loop which lies on a cylindrical surface with its generatrix parallel to the
x3-axis.
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isotropy in spite of the fact that most of the crystalline materials
exhibit anisotropy. Attempts were made to release this constraint
by assuming general anisotropy in DD simulations (Rhee et al.,
2001; Han et al., 2003). Particularly, Capolungo et al. (2010) intro-
duced transverse isotropy in their DD simulations and found a sub-
stantial effect of the elastic anisotropy on strain hardening of hcp
metals. In their work, they used Mura’s formula (Hirth and Lothe,
1982) in anisotropic elasticity to calculate the stress ﬁeld of dislo-
cation segments in hcp metals. However, for the special case of
hexagonal crystals, a numerically efﬁcient stress formula in terms
of simple line integrals can be developed.
Line-integral representations of the elastic ﬁeld in crystals due
to an arbitrarily shaped Volterra dislocation loop have attracted a
great deal of attention due to their direct applications in 3D-DD
simulations. For an arbitrary dislocation loop located in an isotro-
pic elastic full space, the Burgers displacement equation (Burgers,
1939) and Peach–Koehler stress formulae (Peach and Koehler,
1950; deWit, 1960; Devincre, 1995) are the well-known line-inte-
gral solutions for the induced displacement and stress ﬁelds,
respectively. For a generally anisotropic material which occupies
the full space, once the associated Green’s tensor is known, the
Mura’s formula enables us to express the gradient of displacements
due to an arbitrary dislocation loop in terms of line integrals over
the dislocation loop (Mura, 1963). Indenbom and Orlov (1967) gen-
eralized the work of Lothe (1967) and Brown (1967) by expressing
the elastic distortions of a general dislocation loop in an aniso-
tropic full space in terms of straight dislocations; they also con-
verted the corresponding displacement ﬁeld of such a dislocation
loop to an elegant line-integral along the dislocation loop, with
the integrand itself being also a single integral (Indenbom and Or-
lov, 1968). Willis (1970) expressed the distortions due to an inﬁ-
nite (or a ﬁnite) straight dislocation line in an anisotropic full
space analytically in terms of the roots of a sextic equation; simi-
larly Wang (1996) discussed the corresponding curved dislocation
problem. Chu et al. (2011) derived a single-integral expression for
the displacement ﬁeld due to a dislocation loop of triangular shape
in inﬁnite anisotropic crystals. For a dislocation loop located in the
basal plane of a hexagonal crystal, both the induced displacements
and stresses can be transformed into explicit line integrals (Chou
and Yang, 1973; Tupholme, 1974). In addition, Yu and Sanday
(1994) derived analytical displacement solutions due to an inﬁni-
tesimal dislocation loop of arbitrary orientation in a transversely
isotropic full space. Ohr (1972, 1973) also obtained the elastic ﬁeld
solutions due to a prismatic or glide circular dislocation loop with-
in the basal plane of an inﬁnite hexagonal crystal.
Among various anisotropic materials, the transversely isotropic
material is the only one whose Green’s tensor takes a simple and
explicit form. However, for an arbitrary Volterra dislocation loop
in a transversely isotropic full space, an explicit line-integral for-
mula for the induced displacement ﬁeld, which resembles the Bur-
gers displacement equation in the isotropic case, is still unavailable
in the literature. In this paper, we attempt to ﬁll this gap via the
potential theory of linear elasticity and solve the displacement
and stress ﬁelds in a transversely isotropic full space produced
by (i) a Volterra dislocation loop of arbitrary shape and orientation;
(ii) a straight dislocation segment of arbitrary orientation; (iii) a
circular dislocation loop parallel to the plane of isotropy.
The present paper is organized as follows. In Section 2, for a
simple Volterra dislocation loop which is mathematically deﬁned
in Eq. (7), we derive a line-integral representation of the induced
displacement ﬁeld in terms of three potential functions. As veriﬁ-
cation, in Section 3, our displacement solution is successfully re-
duced to the well-known Burgers displacement expression in the
isotropic case. In Section 4, the line-integral expressions of the
stresses due to a simple dislocation loop are then deduced fromthe displacement solution by virtue of the stress-displacement
relations. In Section 5, the derived displacement and stress solu-
tions are further simpliﬁed and expressed uniformly in terms of
simple line integrals over the closed dislocation curve. Further-
more, the simpliﬁed elastic ﬁeld solutions are reformulated via
the principle of superposition so that they are applicable also to
the case of complex dislocation loops. In Section 6, the general
line-integral solutions for an arbitrary dislocation loop are utilized
to develop exact closed-form solutions for a straight dislocation
segment of arbitrary orientation. Moreover, the non-uniqueness
feature of the dislocation segment solution is well demonstrated.
A new explicit formula is also presented for calculating accurately
and efﬁciently the traditional solid angle of an arbitrary polygonal
dislocation loop. In Section 7, based on the general solutions, we
deal with a circular dislocation loop parallel to the plane of isot-
ropy and obtain a new explicit expression of the induced elastic
ﬁeld in terms of complete elliptic integrals. In Section 8, several
numerical examples are provided to validate the present disloca-
tion solutions, and to illustrate the non-uniqueness feature of the
displacement and stress ﬁelds induced by a straight dislocation
segment. Concluding remarks are drawn in Section 9.2. Displacement ﬁeld due to a simple dislocation loop
In the Cartesian coordinate system (x1, x2, x3) (see Fig. 1),
according to the theory of dislocations, the elastic displacement
ﬁeld induced by a Volterra dislocation loop C of arbitrary shape
and orientation, which bounds some curved surface A, can be ex-
pressed as (Hirth and Lothe, 1982)
umðxÞ ¼ 
Z
A
dAibjcijkl
@
@yl
ukmðy;xÞ ð1Þ
where um(x) is the mth component of the displacement vector at x
(x1, x2, x3), and ukm(y;x) is the Green’s tensor, denoting the kth com-
ponent of the displacement vector at y (y1, y2, y3) due to a unit force
in the mth direction applied at x (x1, x2, x3). cijkl is the elastic stiff-
ness tensor, bj is the jth component of the Burgers vector b, and
dAi at y (y1, y2, y3) is the ith component of the vector area element
dA. The positive normal of dA is associated with the positive direc-
tion of the dislocation curve according to the right-hand rule
(Fig. 1).
Note that, in this paper, summation over a repeated (or multi-
repeated) index is assumed unless this index occurs on both sides
of an equation (or a relation). Also, the range of the Roman indices
i, j, k etc. is from 1 to 3, and that of the Greek ones a, b, j etc. is from
1 to 2, unless otherwise speciﬁed.
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assumed to be parallel to the x1–x2 plane, then the elastic stiffness
tensor cijkl can be expressed as (Pan and Chou, 1976)
cijkl ¼ a1dijdkl þ a2ðdikdjl þ dildjkÞ þ a3di3dj3dk3dl3 þ a4ðdi3dj3dkl
þ dk3dl3dijÞ þ a5ðdj3dk3dil þ di3dl3djk þ dj3dl3dik þ di3dk3djlÞ ð2Þ
where dij is the Kronecker delta, and an (n = 1,2, . . . , 5) are related to
the contracted elastic stiffness constants cpq (p, q = 1,2, . . . , 6) as
a1 ¼ c11  2c66; a2 ¼ c66
a3 ¼ c11 þ c33  2c13  4c44
a4 ¼ c13  c11 þ 2c66; a5 ¼ c44  c66
ð3Þ
Based on the potential theory of linear elasticity, the Green’s
tensor uij(y;x) for a transversely isotropic full space can be ex-
pressed compactly in terms of the potential functions vi(y;x) as
(Fabrikant, 2004)
uab ¼ uba ¼ 14pc44 @
2
@ya@yb
m2c1v1m1c2v2
m1m2 þ c3v3
 
þ dab @
2ðc33v3Þ
@y23
h i
ua3 ¼ u3a ¼ 14pc44 @
2
@ya@y3
c1v1c2v2
m1m2
 
u33 ¼ 14pc44 @
2
@y2
3
m1c1v1m2c2v2
m1m2
 
for m1 –m2
ð4Þ
where the constants ci are deﬁned as
ca ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44 þmaðc13 þ c44Þ
c11
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mac33
mac44 þ ðc13 þ c44Þ
r
;
c3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44=c66
p
ð5Þ
and ma can be solved from Eq. (5) as
m1;2 ¼ 1þ 12c44ðc13 þ c44Þ
 ðc11c33  c213Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc11c33  c213Þ½c11c33  ðc13 þ 2c44Þ2
q 
ð6Þ
with m1m2 = 1, and c11c33  c132 > 0 from the elastic-energy
consideration.
The potential function vi in Eq. (4) deserves further discussion
for the speciﬁc problem of dislocation loops. In general, a complex
dislocation loop could always be divided into a ﬁnite number of
simple dislocation loops by adding certain auxiliary dislocation
line pairs properly (see Fig. 2 for example). Without loss of gener-
ality, the solutions derived in this section and subsequent Sections
3 and 4 will be based upon the following simple loop assumptions
(as shown in Fig. 1 for Type-I and Type-II):
(I) The dislocation surface bounded by the loop is simply
connected and intersects at most once with an arbitrary straightFig. 2. A complex dislocation loop ABCD which can be decomposed into two
triangular simple dislocation loops ABC and ADC. In this special case, UABCD is a
linear superposition of UABC and UADC, both of which can be easily determined by
Eq. (30).line parallel to the x3-axis, so it can always be described by a
single-valued function
x3 ¼ Sðx1; x2Þ with Cpnðx1; x2Þ 6 0 ð7Þ
where Cpn(x1, x2) = 0 with x3 = 0 is the projection of this loop onto
the x1–x2 plane, and the subscript ‘‘pn’’ just indicates projection.
(II) The dislocation surface bounded by the loop is simply con-
nected and just lies on a cylindrical surface with its generatrix par-
allel to the x3-axis. As such, its projection onto the x1–x2 plane
degenerates into a line segment.
It is noted that Type-II can be considered as a limiting case of
Type-I. Thus, our derivation below will mainly focus on the Type-
I dislocation loop with additional discussion on Type-II when nec-
essary. For a Type-I dislocation loop, the potential function vi can
be properly selected as
viðy;xÞ ¼
 y3x3ci ln Ri 
y3x3
ci
 
 Ri
for x3 > Sðx1;x2Þ with Cpnðx1;x2Þ6 0
þ y3x3ci ln Ri þ
y3x3
ci
 
 Ri
for x3 < Sðx1;x2Þ with Cpnðx1;x2Þ6 0;or Cpnðx1;x2Þ> 0
8>>>><
>>>:
ð8Þ
in which
Riðy; xÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy1  x1Þ2 þ ðy2  x2Þ2 þ ðy3  x3Þ2=c2i
q
ð9Þ
Some basic properties of the potential function vi are shown as
follows
c2i
@2vi
@y23
¼  @
2
@y21
þ @
2
@y22
 !
vi ð10aÞ
c2i
@2vi
@y23
¼ 1
Ri
ð10bÞ
We emphasize that, throughout this paper, multi-valued func-
tions ln z and
p
z take values in their own single-valued analytic
branches which satisfy p < Im(ln z) < p and Re(pz) > 0 with
p < arg(z) < p respectively, where ‘‘Re’’ or ‘‘Im’’ denotes the real
or imaginary part of a complex number, and ‘‘arg’’ means its
argument.
Under the above preliminaries, we now begin our simple deri-
vation. Firstly, substitution of Eq. (2) into Eq. (1) gives
umðxÞ ¼ 
Z
A
a1bb @uam@ya dAb þ a2bb
@ubm
@ya
dAa þ a2bb @uam@yb dAa
þða1 þ a4Þbb @u3m@y3 dAb þ ða2 þ a5Þbb
@ubm
@y3
dA3
þða2 þ a5Þbb @u3m@yb dA3 þ ða1 þ a4Þb3
@uam
@ya
dA3
þða2 þ a5Þb3 @u3m@ya dAa þ ða2 þ a5Þb3
@uam
@y3
dAa
þða1 þ 2a2 þ a3 þ 2a4 þ 4a5Þb3 @u3m@y3 dA3
2
6666666664
3
7777777775
ð11Þ
Then substituting Eq. (4) into Eq. (11), and utilizing the Stokes’
theoremZ
A
ðdAi @/
@xj
 dAj @/
@xi
Þ ¼ eijk
I
C
/dxk ð12Þ
together with the symmetry properties of the Green’s tensor in a
full space
uijðy;xÞ ¼ uijðx; yÞ ¼ ujiðy;xÞ or @
@yi
¼  @
@xi
ð13Þ
we ﬁnally obtain the displacement ﬁeld of a simple dislocation loop
as
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1
4p
I
C
ðbbenb3dy3 þ c23b3en3jdyjÞ
@2ðc3v3Þ
@y23
þ 1
4p
@
@xn
I
C
bbeab3
2
c23
@ðficiviÞ
@ya
dy3

þbbe3bj @ðgiciviÞ
@y3
dyj þ b3ea3j
@ðgiciviÞ
@ya
dyj

ð14aÞ
and
u3ðxÞ ¼  b34pmgggXg 
1
4p
I
C
bbe3bj
@2ðmgggcgvgÞ
@y23
dyj
þ 1
4p
@
@x3
I
C
bbeab3
2
c23
@ðmgfgcgvgÞ
@ya
dy3 ð14bÞ
where each line integral is along the dislocation loop following the
positive direction, eijk is the permutation tensor, and the coefﬁcients
fi, gi are deﬁned in Eq. (25) of Section 4. In the above derivation, use
has been made of the variants of Eq. (5) for further simpliﬁcation,
ða2 þ a5Þ ¼ a2c23
ða1 þ a2 þ a4 þ a5Þma þ ða2 þ a5Þ ¼ ða1 þ 2a2Þc2a
ða1 þ 2a2 þ a3 þ 2a4 þ 4a5Þma  ða1 þ a2 þ a4 þ a5Þc2a
¼ ða2 þ a5Þmac2a
ð15Þ
Also in Eqs. (14a,b), Xi is deﬁned by an area integral over the
dislocation surface or a line integral along the dislocation loop as
XiðxÞ ¼
Z
A
ðdAa @
@ya
þ c2i dA3
@
@y3
Þ @
2ðciviÞ
@y23
ð16aÞ
or
XiðxÞ ¼
Z
A
ðdAa @
@y3
 dA3 @
@ya
Þ @
2ðciviÞ
@ya@y3
¼
I
C
eb3j
@2ðciviÞ
@yb@y3
dyj ð16bÞ
Eqs. (10a) and (12) contribute to the derivation of Eq. (16b).
Analogous to the traditional solid angle, here we call Xi the quasi
solid angle, which contributes to the displacement discontinuities
over the dislocation surface, whilst other line-integral terms in
Eqs. (14a,b) are continuous except on the dislocation line.
Eqs. (14a,b) are the main results of this paper, which have never
appeared in the literature to the best of our knowledge, and will
form the basis of later sections.
According to Ding et al. (2006), there are only three possible
cases for the values of ca, i.e., (i) c1 > 0, c2 > 0, c1– c2 ; (ii)
Re(c1) > 0, Im(c1)– 0, c1 ¼ c2; (iii) c1 = c2 > 0, where an over-bar
denotes the complex conjugate. It should be pointed out that
Eqs. (14a,b) are applicable to cases (i) and (ii). The degenerate case
(iii) will be considered in the next section.
3. Reduction to the Burgers displacement equation
Eqs. (14a,b) can be reduced to the well-known Burgers displace-
ment equation of dislocation loops in an isotropic full space. To do
this, it is convenient to transform Eqs. (14a,b) into the following
form
unðxÞ ¼  bn4pX3 
1
4p
I
C
ðbbenbk þ c23b3en3kÞ
@2ðc3v3Þ
@y23
dyk
þ 1
4p
m1
H
2
c23
@
@xn
I
C
bjeijk
@
@yi
c1v1  c2v2
c1  c2
dyk
þ 1
4p
m1
H
m2 þ 1 2c23
	 

@
@xn
I
C
bbe3bj
@
@y3
þ b3ea3j @
@ya
	 

c1v1  c2v2
c1  c2
dyj þ
1
4p
@
@xn
I
C
bbeab3
2
c23
@
@ya
dy3
	
þbbe3bj @
@y3
dyj þ b3ea3j
@
@ya
dyj


ðc3v3  c1v1Þ ð17aÞand
u3ðxÞ ¼  b34pX1 
1
4p
I
C
bje3jk
@2ðc1v1Þ
@y23
dyk þ
1
4p
1
H
2
c23
@
@x3I
C
bjeijk
@
@yi
c1v1  c2v2
c1  c2
dyk þ
1
4p
1
H
m2 þ 1 2c23
	 

@
@x3I
C
bbe3bj
@
@y3
þ b3ea3j @
@ya
	 

c1v1  c2v2
c1  c2
dyj ð17bÞ
where use has been made of the following relation (Fabrikant,
2004)
m1 m2 ¼ Hðc1  c2Þ; H ¼ c11ðc1 þ c2Þ=ðc13 þ c44Þ ð18Þ
We now consider the case of multiple roots in Eq. (6). When
m1?m2?m0, or c1? c2? c0, we obtain
lim
c1!c2!c0
c1v1  c2v2
c1  c2
¼ @ðc0v0Þ
@c0
¼ R0;
lim
c1!c2!c0
H ¼ H0 ¼ 2c11c0ðc13 þ c44Þ ð19Þ
where v0 and R0 are deﬁned in Eqs. (8) and (9), with the index ‘‘0’’ in
place of ‘‘i’’ there.
Substitution of Eq. (19) into Eqs. (17a,b) gives
unðxÞ ¼  bn4pX3 
1
4p
I
C
bbenbk þ c23b3en3k
c3R3
dyk þ
1
4p
m0
H0
2
c23
@
@xnI
C
bjejik
@R0
@yi
dyk þ
1
4p
m0
H0
m0 þ 1 2c23
	 

@
@xnI
C
bbeb3j
@R0
@y3
dyj þ b3e3aj
@R0
@ya
dyj
	 

þ 1
4p
@
@xnI
C
bbeab3
2
c23
@
@ya
dy3 þ bbe3bj
@
@y3
dyj þ b3ea3j
@
@ya
dyj
	 

ðc3v3  c0v0Þ ð20aÞ
and
u3ðxÞ ¼  b34pX0 
1
4p
I
C
bje3jk
c0R0
dyk þ
1
4p
1
H0
2
c23
@
@x3
I
C
bjejik
 @R0
@yi
dyk þ
1
4p
1
H0
m0 þ 1 2c23
	 

@
@x3I
C
bbeb3j
@R0
@y3
dyj þ b3e3aj
@R0
@ya
dyj
	 

ð20bÞ
where X0 is deﬁned in Eqs. (16a,b), again, with the index ‘‘0’’ in
place of ‘‘i’’ there. Eqs. (20a,b) give the displacement ﬁeld for the
degenerate case of c1 = c2 > 0.
For isotropic materials, we have
m0 ¼ 1; c3 ¼ c0 ¼ 1; R3 ¼ R0; v3 ¼ v0 ð21Þ
By virtue of Eq. (21), Eq. (20a,b) can be reduced exactly to the
Burgers displacement equation (Hirth and Lothe, 1982).
4. Stress ﬁeld due to a simple dislocation loop
The dislocation-induced stresses can be derived from Eqs.
(14a,b) by virtue of the following stress-displacement relations
rijðxÞ ¼ cijkl @ukðxÞ
@xl
ð22Þ
Thus, we need to calculate the spatial derivatives of the quasi
solid angle Xi as follows
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where use has been made of Eqs. (10a), (12), and (13) in the
derivation.
After some lengthy derivations, the ﬁnal results for the stress
ﬁeld of a simple dislocation loop are found to be
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and
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where
f ¼ ff1; f2; f3g ¼ m2m1m2 ;
m1
m2m1 ;1
n o
g ¼ fg1; g2; g3g ¼ m2þ1m1m2 ;
m1þ1
m2m1 ;1
n o
h ¼ fh1;h2;h3g ¼ m1þm2þ2m1m2 ;
m1þm2þ2
m2m1 ;1
n o ð25Þ
When deriving Eqs. (24a,b), use has been made of the following
identities (Hirth and Lothe, 1982)
dnae3bj þ dnbea3j ¼ dnjeab3
dgjea3n þ dnjea3g þ dnaeg3j þ dgaen3j ¼ 2dngea3j
dnbeag3 þ dgbean3 þ dgaenb3 þ dnaegb3 ¼ 2dgneab3
ð26Þ
and Eqs. (27a,b) below
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Eqs. (27a–c) can be easily proved via Eqs. (10a) and (12). Eq.
(27c) is needed in later derivation.
It can be veriﬁed that, in the transversely isotropic case, our
stress formulae in Eqs. (24a–c) are simpler and more efﬁcient than
the Mura’s formula (Hirth and Lothe, 1982) after substituting Eq.
(4) into it. We also point out that a similar limiting process as in
Section 3 can be followed if one is interested in the stress ﬁeld
for the degenerate case of c1 = c2 > 0.
We should keep in mind that, although the displacements and
stresses in terms of line integrals over the closed dislocation loop
have to satisfy the stress–displacement relations (22), their corre-
sponding integrands do not necessarily satisfy such relations. In
addition, Eqs. (27a–c) are generally valid for a ‘‘closed’’ loop, but
may not be if otherwise. This implies the non-uniqueness of the
integrands of the line integrals in Eqs. (14a,b) and (24a–c), and thus
the non-uniqueness of the displacement and stress ﬁelds due to an
‘‘open’’ dislocation segment (see, e.g., Hirth and Lothe, 1982; Wang,
1996; Paynter et al., 2007; Yin et al., 2010). This issue will be fur-
ther illustrated in Section 8.
In summary, Eqs. (14a,b) (Eqs. (20a,b) for the degenerate case)
and Eqs. (24a–c) are, respectively, the displacement and stress
ﬁelds induced by a simple Volterra dislocation loop of arbitrary
shape with a constant Burgers vector in a transversely isotropic
elastic full space. However, the derived solutions are expressed
explicitly in terms of the potential functions vi deﬁned in Eq. (8),
which is only suitable for a simple dislocation loop. As such, we
further simplify, clarify and generalize these solutions by eliminat-
ing vi in the next section.5. Further simpliﬁcation and generalization of the elastic ﬁeld
solution
For future applications, we now simplify the displacement ﬁeld
solution in Eqs. (14a,b) and the stress ﬁeld solution in Eqs. (24a–c)
by substituting those three potential functions vi as shown in Eq.
(8). After some elementary calculations, we can write Eqs. (14a,b)
and Eqs. (24a–c) concisely as
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and
Fig. 3. An assembly of simple and complex dislocation loops which is circum-
scribed by a ﬁnite cylinder parallel to the x3-axis.
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where the coefﬁcients fi, gi and hi are deﬁned the same as those in
Eq. (25), and
UðxÞ ¼ sgnhSðx1; x2Þ  x3ie3aj
I
C
ðya  xaÞ
r2pn
dyj
¼ sgnhSðx1; x2Þ  x3i
I
C
darctan
y2  x2
y1  x1
¼ p½1 sgnhCpnðx1; x2ÞisgnhSðx1; x2Þ  x3i ð30Þ
in which S(x1, x2) and Cpn(x1, x2) are deﬁned in Eq. (7) and also illus-
trated in Fig. 1, and sgnhxi is the sign function, and
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Also in Eqs. (28a)–(29c),
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We further point out that in the derivation of Eq. (28a), use has
been made of the relation (27c).
Thus, by eliminating the three potential functions vi from Eqs.
(14a,b) and Eqs. (24a–c), we have achieved an alternative yet more
explicit solution of the elastic ﬁeld due to a simple dislocation loop,
as given in Eqs. (28a)–(29c).
It is observed from Eqs. (28a,b) and Eq. (30) that, for a simple
dislocation loop of Type-I described by Eq. (7), the displacement
discontinuities over the dislocation surface are totally attributed
to the function U, which is extracted from the quasi solid angle
Xi, i.e.,
Xi ¼ U ea3jIa32;ij=ci ð33Þ
However, for a simple dislocation loop of Type-II, we can see
that U = 0, and thus it is the other part on the right hand side ofEq. (33) that contributes to the displacement discontinuities over
the dislocation surface.
Moreover, we emphasize that, in Eqs. (28a,b), the function U
deﬁned in Eq. (30) is the only term which depends upon the con-
ﬁguration of the dislocation surface bounded by the dislocation
loop. Therefore, we can conclude that: (i) the stress ﬁeld solutions
(29a–c) are generally valid for an arbitrary dislocation loop,
whether simple or complex; (ii) the displacement ﬁeld solutions
(28a,b) are also applicable to a complex dislocation loop, provided
that one can express function U of this complex loop as a superpo-
sition of functionsU’s of its constituent simple-loops (see Fig. 2 for
example). This is feasible due to the existing simple and explicit
form of Eq. (30) for a simple dislocation surface.
The function U we introduced possesses certain attractive fea-
tures and it can be very convenient in analyzing the dislocation-in-
duced elastic ﬁeld. As an illustration, let us consider an assembly of
simple and complex dislocation loops. We introduce a ﬁnite cylin-
der which is parallel to the x3-axis and just contains all the dislo-
cation surfaces in it, with its top on the plane x3 = x3max and its
bottom on the plane x3 = x3min and its side on the cylindrical sur-
face F(x1, x2) = 0, as shown in Fig. 3. Based upon the principle of
superposition, function U makes no contribution to the displace-
ment ﬁeld outside the cylindrical surface (i.e., F(x1, x2) > 0 in
Fig. 3). However, it is not the case inside the cylindrical surface
(i.e., F(x1, x2) < 0). For example, for all the ﬁeld points above the
top (or similarly below the bottom) which lie on a line parallel to
the x3-axis, function U contributes a constant 2np to the displace-
ments, with n being some integer. Furthermore, it can be easily
proved that, at inﬁnity, the quasi solid angles become zero. Due
to the above facts, we can derive an alternative expression for U
from Eq. (33) as
Uðx3>x3maxÞ¼ lim
x3!þ1
ðXiea3jIa32;ij=ciÞ¼e3aj
I
C
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r2pn
dyj
Uðx3<x3minÞ¼ lim
x3!1
ðXiea3jIa32;ij=ciÞ¼þe3aj
I
C
ðyaxaÞ
r2pn
dyj
ð34Þ
It can be seen that the function U given in Eq. (34) is now inde-
pendent of the conﬁguration of the dislocation surface, whether
simple or not; and it actually applies to all the ﬁeld points outside
the ﬁnite cylinder. We can thus conclude from Eqs. (28a,b) and (34)
that, the closed dislocation lines themselves totally determine the
induced displacement ﬁeld outside the ﬁnite cylinder which is
parallel to the x3-axis and circumscribes the dislocation-loop
assembly.
As an immediate application of our general elastic ﬁeld solu-
tions (28a)–(29c), we now consider a planar dislocation loop of
arbitrary shape which is parallel to the plane of isotropy and lies
on the plane x3 = x3const. In this special case, Eqs. (28a)–(29c) can
be considerably simpliﬁed to
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where U takes the following simple form via Eq. (30)
UðxÞ ¼ p½1 sgnhCpnðx1; x2Þisgnhx3const  x3i ð37Þ
It can be easily shown that, Eqs. (35a)–(36c) are mathematically
identical to those derived by Tupholme (1974), and that our solu-
tions are more explicit. Particularly, in our Eqs. (35a,b), the terms
accounting for displacement discontinuities over the dislocation
surface are separated naturally from the regular parts. If the dislo-
cation loop is a circular one, then Eqs. (35a)–(36c) can be inte-
grated analytically in terms of complete elliptic integrals, as will
be shown in Section 7.
6. Elastic ﬁelds due to a straight dislocation segment of
arbitrary orientation
We now consider a directional straight dislocation segment AB
which begins at A (x1A, x2A, x3A) and ends at B (x1B, x2B, x3B). We ex-
press AB in terms of a parameter t as
xi ¼ xiA þ ðxiB  xiAÞt; t 2 ½0;1 ð38Þ
Without loss of generality, we assume that AB lies on a closed
simple dislocation loop C generally deﬁned in Eq. (7), and goes
along the positive direction of this loop.
As discussed in Section 4, although the closed dislocation loop C
always induces a unique elastic ﬁeld, the open dislocation segment
AB taken out of this loop yields non-unique solutions (see, e.g., Hir-
th and Lothe, 1982; Wang, 1996). Due to the above fact, we stipu-
late that the displacement and stress ﬁelds of the dislocation
segment AB share the same form with those of the dislocation loop
C, as given in Eqs. (28a)–(29c). However, the involved integrals
originally deﬁned in Eqs. (30) and (32) have to be integrated along
the straight segment AB, rather than the closed loop C.
From the original integrals on C in Eqs. (30) and (32), we can
also obtain the corresponding integrals on AB as~UðxÞ ¼ sgnhSðx1; x2Þ  x3i arctan ðx2B  x2AÞt  ðx2  x2AÞðx1B  x1AÞt  ðx1  x1AÞ
 1
0
ð39Þ
where S(x1, x2) is deﬁned the same as that in Eq. (30), and
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where the over-arrow ‘‘?’’ denotes a directional straight dislocation
line, and
!pnðt; xbÞ ¼ rpn½yaðtÞ; xb=lpn ¼
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in which
Dpn ¼ dpnlpn ðlpn – 0Þ; Tpn ¼
dpn  lpn
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ðlpn – 0Þ; Di ¼ dili ; Ti ¼
di  li
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and
lpn ¼ fðx1B  x1AÞ; ðx2B  x2AÞg; lpn ¼
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ðx1  x1AÞ2 þ ðx2  x2AÞ2 þ ðx3  x3AÞ2=c2i
q
ð42bÞ
Note that li (or di) is the length of the vector li (or di) and should
not be confused with the ith component of this vector.
According to the properties of the integrals deﬁned in Eq. (40),
three orientation cases of AB are considered in detail as follows.
Case 1. A straight dislocation segment normal to the plane of
isotropy (lpn = 0)
In this case, we assume that AB lies on the intersection of two
planes xa = xaconst, where xaconst are two constants. When dpn– 0,
Eqs. (28a)–(29c) can be reduced to
unðxÞ ¼ b34p ðxaconst  xaÞ
gi
ci
ean3~I32;i3 
bb
4p
1
c3
enb3~I0;33 
bb
4p
2
c23
cifi
 ðxnconst  xnÞðxaconst  xaÞeab3 2~I334;i3=c2i þ~I2;i3
 h
enb3 ~I332;i3=c2i þ~I0;i3
 i
ð43aÞ
u3ðxÞ ¼ bb4p ðxaconst  xaÞ
2
c23
mgfg
cg
eab3~I32;g3 ð43bÞ
and
rngðxÞ ¼ dng c44bb4p
2
c23
ðxaconst  xaÞeab3 gici
 2
c23
cifi
	 

~J0;i3 þ
2
c23
cifi ~I

2;i3 þ
2
c2i
~I334;i3
	 
 
þ c44
4p
2
c23
bb 2c23
cifi
ðxaconst  xaÞðxnconst  xnÞðxgconst  xgÞeab3ð~J2;i3  4~I4;i3  8c2
i
~I336;i3Þ
þ½ðxnconst  xnÞegb3 þ ðxgconst  xgÞenb3ð~I2;i3 þ 2~I334;i3=c2i Þ
2
4
3
5
þ 12 b3 gici ðxaconst  xaÞ½ðxnconst  xnÞeag3 þ ðxgconst  xgÞean3ð~J
3
2;i3 þ 2~I34;i3Þ
8>><
>>:
9>>=
>>; ð44aÞ
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hi
ci
ean3~J0;i3 
c44bb
4p
 2
c23
gi
ci
enb3~I32;i3  ðxnconst  xnÞðxaconst  xaÞeab3
h
 ~J32;i3 þ 2~I34;i3
 i
þ 1
c33
enb3~J30;33

ð44bÞ
r33ðxÞ ¼  c44bb4p
2
c23
ðxaconst  xaÞcgggeab3~J0;g3 ð44cÞ
The involved functions ~I and ~J in Eqs. (43a)–(44c) can be re-
duced to two types of integrals below (Gradshteyn and Ryzhik,
2007)
Int: ¼
Z 1
0
PnðtÞ
Rmðt;xÞdt ðn ¼ 0;1;2Þ; Int: ¼
Z 1
0
PnðtÞ
R3mðt;xÞ
dt ðn ¼ 0;1Þ
ð45Þ
where Pn(t) is a polynomial of degree n with respect to t.
Eq. (45) can be further expressed in terms of two basic integrals
below
Z 1
0
dt
Rmðt;xÞ ¼
1
lm
fln½Rm þ lmðt  TmÞgj10;Z 1
0
dt
R3mðt;xÞ
¼ 1
l2mðD2m  T2mÞ
t  Tm
Rm
	 
1
0
ð46Þ
where the trivial case of Dm2 = Tm2 (i.e., dm  lm = 0) is omitted due
to its simplicity. Analytical expressions of the line integrals needed
in Eqs. (43a)–(44c) for Case 1 are given in Appendix A.
Alternatively, by introducing three higher-order potential func-
tions wi deﬁned as
viðy;xÞ ¼ ci @wiðy;xÞ@y3 ;
wiðy; xÞ ¼
 34 ðy3x3Þ
2
c2
i
 14R2i
 
lnðRi  y3x3ci Þ 
3
4
y3x3
ci
Ri
for x3 > Sðx1; x2Þ with Cpnðx1; x2Þ 6 0 :
þ 34 ðy3x3Þ
2
c2
i
 14R2i
 
lnðRi þ y3x3ci Þ 
3
4
y3x3
ci
Ri
for x3 < Sðx1; x2Þ with Cpnðx1; x2Þ 6 0; or Cpnðx1; x2Þ > 0:
8>>>>>>><
>>>>>>>:
ð47Þ
the elastic ﬁeld solution in Eqs. (43a)–(44c) can then be rewritten
concisely as
uiðxÞ ¼ ~uiðx1const; x2const; x3B;xÞ  ~uiðx1const; x2const; x3A; xÞ
rijðxÞ ¼ ~rijðx1const; x2const; x3B; xÞ  ~rijðx1const; x2const; x3A;xÞ
ð48Þ
where~u3ðy;xÞ ¼  bb4p eab3 2c23
@ðfgmgcgvgÞ
@ya
~unðy;xÞ ¼  bb4p enb3 @ðc3v3Þ@y3 þ eab3
2
c23
@2ðfic2i wiÞ
@yn@ya
h i
 b34p ean3 @ðgiciviÞ@ya
~r33ðy;xÞ ¼ c44bb4p eab3 2c2
3
@2ðggc3gvgÞ
@ya@y3
~rn3ðy;xÞ ¼ c44bb4p eab3 2c2
3
@2ðgiciviÞ
@ya@yn
þ enb3 @
2ðc3v3Þ
@y2
3
h i
þ c44b34p ean3 @
2ðhiciviÞ
@ya@y3
~rngðy;xÞ ¼ c44bb4p eab3 2c2
3
dng @
2
@ya@y3
ð 2c2
3
fic3i vi  giciviÞ þ 2c2
3
@3ðfic2i wiÞ
@ya@yn@yg
h i
þ c44b34p 1c23 ean3
@
@yg
þ eag3 @@yn
 
@ðgiciviÞ
@ya
ð49Þ
Note that the elastic ﬁeld solution given in Eq. (48) is also appli-
cable to the trivial case of dpn = 0.
Case 2. A straight dislocation segment parallel to the plane of
isotropy (Tm 	 Tpn)
In this case, we assume that AB lies on the plane x3 = x3const,
where x3const is a constant. Thus the elastic ﬁeld solutions have
the same form as in Eqs. (35a)–(36c). The involved functions ~I
and~J can be reduced to the following integrals
Int: ¼
Z s1
s0
PnðsÞds
ðkpn þ s2ÞN=2½l2mðkm þ s2ÞZ=2
Z ¼ 1; N ¼ 0;2;4; n ¼ 0;1;2; n 6 N
or Z ¼ 3; N ¼ 0;2; n ¼ 0;1;2; n 6 N þ 1
	 

ð50Þ
with
s0 ¼ Tpn; s1 ¼ 1 Tpn;
kpn ¼ D2pn  T2pn P 0; km ¼ D2m  T2pn
ð51Þ
where km = kpn if and only if x3 ¼ x3const, and kpn = 0 if and only if
(dm  lm)  k = 0, with k being the unit basis vector in the x3-direc-
tion of the Cartesian coordinates.
Eq. (50) can be further expressed as a linear combination of two
types of integrals below (Gradshteyn and Ryzhik, 2007)
Int: ¼
Z s1
s0
sds
ðkpn þ s2ÞN1=2½l2mðkm þ s2ÞZ=2
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm  kpnÞ
q
lðZþ1Þm ðkm  kpnÞðN1þZ1Þ=2

Z nðs1Þ
nðs0Þ
dn
ðn2  1ÞN1=2nZ1
ðkm–kpn;N1 is even; Z ¼ 1;3Þ
ð52aÞ
Int: ¼
Z s1
s0
ds
ðkpn þ s2ÞN2=2½l2mðkm þ s2ÞZ=2
¼
Z fðs1Þ
fðs0Þ
½1 kpnf2=ðkm  kpnÞðN2þZ3Þ=2dfﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm  kpnÞ
q
lðZ1Þm k
ðZ1Þ=2
m k
ðN21Þ=2
pn ðf2 þ 1ÞN2=2
km–kpn; kpn–0;N2 is even; Z ¼ 1;3
  ð52bÞ
with
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkmþs2Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkmkpnÞ
p ðkm – kpnÞ;
fðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkmkpnÞ
p ﬃﬃﬃﬃﬃ
kpn
p sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkmþs2Þ
p ðkm – kpn; kpn – 0Þ
ð53Þ
The trivial case of km = kpn or kpn = 0 is omitted here due to its
simplicity.
It can be shown that, Eqs. (52a,b) can be integrated analytically
in terms of elementary functions via the following recurrence
relationsR
dz
ðz21Þnz2 ¼ 
R
1
ðz21Þn1z2 dzþ
R
dz
ðz21Þn ðn 2 NÞ;R ð1az2Þn1
ðz2þ1Þn2 dz ¼ ð1þ aÞ
R ð1az2Þn11
ðz2þ1Þn2 dz a
R ð1az2Þn11
ðz2þ1Þn21 dz ðn1;n2 2 NÞ;R
dz
ðz21Þnþ1 ¼  2n12n
R
dz
ðz21Þn  12n zðz21Þn ðn 2 NÞ;R
dz
z21 ¼ 12 ln z1zþ1 ;
R
dz
z2þ1 ¼ arctan z ¼ 12i ln zizþi with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
ð54Þ
Analytical expressions of the line integrals needed in Eqs.
(35a)–(36c) for Case 2 are given in Appendix B.
Case 3. A straight dislocation segment neither normal nor par-
allel to the plane of isotropy (lpn– 0 and TmXTpn).
In this case, the integrals deﬁned in Eq. (40) can always be ex-
pressed in terms of linear combinations of the integrals in Eq.
(45) and those of the form
Int: ¼
Z 1
0
at þ b
!NpnR
Z
m
dt ðN ¼ 2;4;6; Z ¼ 1;3; a;b are constantsÞ
ð55Þ
where cpn and Rm are deﬁned the same as those in Eq. (41).
It can be shown that Tm = Tpn if and only if [lm  (dm  lm)]  k = 0,
with k being again the unit basis vector in the x3-direction of the
Cartesian coordinates. For the trivial case of Tm = Tpn, one only needs
to follow the same procedure as presented for Case 2. We thus dis-
cuss the non-trivial case in which Tm– Tpn.
By means of the following substitution (Gradshteyn and Ryzhik,
2007, where a printing error has been corrected here)
t ¼ -1 þ-2 s 1sþ 1 ð56Þ
with
-1 ¼ 12
D2m  D2pn
Tm  Tpn ;
-2 ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðD2m  D2pnÞ2  4ðD2mTpn  D2pnTmÞðTm  TpnÞ
q
Tm  Tpn ð57Þ
the integrals in Eq. (55) can be transformed into those of the form
Int: ¼
Z
sgn sþ 1h iPnðsÞds
ðkpn þ s2ÞN=2½ðl2mkþmÞðkm þ s2ÞZ=2
N ¼ 2;4;6; Z ¼ 1;3;
0  n  N þ Z  2; nþ 1 2 N
	 

ð58Þ
with
kpn ¼
kpn
kþpn
P 0; km ¼ k

m
kþm
– 0; l2mk
þ
m ¼ l2pnkþpn > 0 ð59Þ
where
kþpn ¼ D2pn  2Tpnð-1 þ-2Þ þ ð-1 þ-2Þ2 > 0
kpn ¼ D2pn  2Tpnð-1 -2Þ þ ð-1 -2Þ2 P 0
kþm ¼ D2m  2Tmð-1 þ-2Þ þ ð-1 þ-2Þ2 – 0
km ¼ D2m  2Tmð-1 -2Þ þ ð-1 -2Þ2 – 0
ð60Þ
in which kpn ¼ 0 if and only if (dm  lm)  k = 0.When handling the integrals in Eq. (58), one should keep in
mind the following two important points:
(i) Regardless of the complexity of ca, the integral variable s is
always real-valued due to the following relations
-1 2 R; -1 -2 ¼ Mi3Wi3 2 R;
ðD2i D2pnÞ24ðD2i TpnD2pnTiÞðTiTpnÞ
ðTiTpnÞ2
¼ ðV2i1þV2i2Þ
2
Wi3ðx03Bx03AÞ=ci½ 2
> 0
ð61Þ
where
di  li ¼ fVi1;Vi2;Vi3g
li  ðdi  liÞ ¼ fWi1;Wi2;Wi3g
di  ðdi  liÞ ¼ fMi1;Mi2;Mi3g
ð62Þ
(ii) When minfx3A; x3Bg < x3 < maxfx3A; x3Bg, the integral inter-
val with respect to s must be divided into two parts because of
the following relation
-1 þ-2 ¼ x3  x3Ax3B  x3A 2 ð0;1Þ
when minfx3A; x3Bg < x3 < maxfx3A; x3Bg ð63Þ
Based on the above observations, the integral in Eq. (58) is
equivalent to
Int:
¼ sgnhs0 þ 1i
Z1sgnhs0þ1i
s0
PnðsÞds
ðkpnþs2ÞN=2 ½ðl2mkþmÞðkmþs2ÞZ=2
þsgnhs1 þ 1i
Zs1
1sgnhs1þ1i
PnðsÞds
ðkpnþs2ÞN=2 ½ðl2mkþmÞðkmþs2ÞZ=2
ð64Þ
in which
s0 ¼ -2 -1-2 þ-1 ; s1 ¼
-2  ð-1  1Þ
-2 þ ð-1  1Þ : ð65Þ
For further reduction and simpliﬁcation of Eq. (64), we only
need to follow exactly the same procedure as presented in Case
2. Analytical expressions of the line integrals needed in Eqs.
(28a)–(29c) for Case 3 are listed in Appendix C.
As an immediate application of the above analytical integrals,
we now calculate the quasi solid angleX3 of an arbitrary polygonal
dislocation loop ABC. . .DA, which consists of a ﬁnite number of
straight dislocation segments AB, BC, . . . and DA. By virtue of Eq.
(33), we are able to derive an explicit formula for X3 as
X3ðxÞ ¼ U 1c3
ðI232;31  I132;32ÞAB þ ðI232;31  I132;32ÞBC    þ ðI232;31  I132;32ÞDA
h i
ð66Þ
where, for example,
ðI232;31  I132;32ÞAB ¼
4-22ðx3B  x3AÞ½ðx1B  x1AÞðx2  x2AÞ  ðx1  x1AÞðx2B  x2AÞ
l3pnðkþpnÞ3=2
ﬃﬃﬃﬃﬃﬃﬃ
kpn
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k3  kpn
p
½sgnhs0 þ 1iarctan fðsÞj1sgnhs0þ1is0
þsgnhs1 þ 1iarctan fðsÞjs11sgnhs1þ1i ð67aÞ
corresponding to Case 3,
ðI232;31  I132;32ÞAB ¼
ðx3  x3AÞ½ðx1B  x1AÞðx2  x2AÞ  ðx1  x1AÞðx2B  x2AÞ
l2pnl3
ﬃﬃﬃﬃﬃﬃﬃ
kpn
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k3  kpn
p
 arctan fðsÞjs1s0 ð67bÞ
corresponding to Case 2, and
ðI232;31  I132;32ÞAB ¼ 0 ð67cÞ
corresponding to Case 1, and the calculation of U has been illus-
trated in Section 5.
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the result is totally determined by two end points A(x1A, x2A, x3A)
and B(x1B, x2B, x3B) of the straight segment AB and one ﬁeld point
(x1, x2, x3); thus one does not need to introduce any auxiliary point
into the calculation and know any information about the cut sur-
face. Moreover, the function arctan(x) is single-valued which
ranges from –p/2 to p/2. In other words, Eqs. (67a–c) is very con-
venient and efﬁcient in calculating the quasi solid angleX3 and the
traditional solid angle X (c3 = 1 in this case). The related issue was
also discussed by Barnett (1985, 2007).
In summary, for a straight dislocation segment of arbitrary ori-
entation, the induced displacement and stress ﬁelds are expressed
in terms of elementary functions. We also remark that our stress
formulae for segments are more explicit than Willis’ formula (Wil-
lis, 1970) in the transversely isotropic case, and that, to the best of
our knowledge, the displacement formulae for segments presented
in this paper are new and simple. In the next section, we return to
the closed dislocation loop case and provide a new analytical solu-
tion for a circular dislocation loop parallel to the plane of isotropy.
7. A circular dislocation loop parallel to the plane of isotropy
As a special case of our solutions (35a)–(36c) in Section5,wenow
consider a ﬂat, circular dislocation loop of radius r0 parallel to the
planeof isotropywith its center at the originof coordinates. TheBur-
gers vector b (b1, b2, b3) over the circle is uniform and the induced
ﬁelds are expressed in terms of the cylindrical coordinates (q, h, x3).
From Eqs. (35a)–(36c), the displacements and stresses can be
written explicitly as
u1 ¼  14p b1X3 þ 2r0b3 cos hðcagaI1aÞf
þr0x3 gici ½b1I2i þ ðb1 cos 2hþ b2 sin 2hÞI3i
o
u2 ¼  14p b2X3 þ 2r0b3 sin hðcagaI1aÞf
þr0x3 gici ½b2I2i þ ðb1 sin 2h b2 cos 2hÞI3i
o ð68aÞ
u3 ¼  14p b3magaXa þ 2r0ðb1 cos hþ b2 sin hÞ
maga
ca
I1a
 
ð68bÞ
and
r11 ¼ c44r02p x3

b1 cos hþ b2 sin h

2
c2
3
ga
ca
 hac3a
 
J1a  2c2
3
gi
ci
ðcos2 h J4iq þ sin2 h I3iq Þ
h i
þ c44r0p x3b1 cos h 1c33 J13 
2
c23
gi
ci
I3i
q
 
þ c44r02p b3 cagac23 
ha
ca
 
J2a  cos 2hðcagac23 J3aÞ
h i
r22 ¼ c44r02p x3

b1 cos hþ b2 sin h

½ð 2c2
3
ga
ca
 hac3aÞJ1a 
2
c2
3
gi
ci
ðsin2 h J4iq þ cos2 h I3iq Þ
þ c44r0p x3b2 sin hð 1c3
3
J13  2c2
3
gi
ci
I3i
q Þ þ c44r02p b3½ðcagac2
3
 hacaÞJ2a þ cos 2hð
caga
c2
3
J3aÞ
r12 ¼  c44r02p b3 sin 2h
caga
c23
J3a
	 

þ c44r0
2p
x3ðb1 sin hþ b2 cos hÞ 1c33
J13
 c44r0
2p
x3
2
c23
gi
ci
b1 sin h cos2 h
J4i
q
þ sin2 h I3i
q
	 

þb2 cos h sin2 h J4iq þ cos
2 h
I3i
q
	 

ð69aÞ
r13 ¼ c44r04p b1
1
c3
J23 
ha
ca
J2a
	 

 ðb1 cos 2hþ b2 sin 2hÞhici
J3i

þ2x3b3 cos h haca
J1a
	 

r23 ¼ c44r04p b2
1
c3
J23 
ha
ca
J2a
	 

 ðb1 sin 2h b2 cos 2hÞhici
J3i

þ2x3b3 sin h haca
J1a
	 

ð69bÞr33 ¼ c44r02p x3ðb1 cos hþ b2 sin hÞ
ha
ca
J1a þ b3ðcahaJ2aÞ
 
ð69cÞ
where (Gradshteyn and Ryzhik, 2007)
Xi ¼ psgnhx3ið1þ sgnhr0  qiÞ  2r0x3I2i=ci ð70Þ
and
I1a ¼
Z p
0
cosudu
Ra
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa þ q
p
qr0
pa
pa þ q
KðkaÞ  EðkaÞ
 
for q– 0 ð71aÞ
I2i ¼
Z p
0
r0  q cosu
r2pnRi
du
¼ 1
r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pi þ q
p KðkiÞ þ r0  qr0 þ qPðn; kiÞ
 
for q– r0 ð71bÞ
I3i ¼
Z p
0
r0 cos 2u q cosu
r2pnRi
du
¼ 1
r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pi þ q
p pi þ q
q2
EðkiÞ  pi þ r
2
0
q2
KðkiÞ þ ðr0  qÞr
2
0
ðr0 þ qÞq2Pðn; kiÞ
 
for q– r0 and q– 0 ð71cÞ
and
J1i ¼
Z p
0
cosudu
R3i
¼ 1
qr0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pi þ q
p pi
pi  q
EðkiÞ  KðkiÞ
 
for q – 0
ð72aÞ
J2i ¼
Z p
0
r0  q cosu
R3i
du ¼ 1
r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pi þ q
p 2r
2
0  pi
pi  q
EðkiÞ þ KðkiÞ
 
ð72bÞ
J3i ¼
Z p
0
r0 cos2uqcosu
R3i
du
¼ 1
r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
piþq
p pið2piq
2Þ6q2r20
q2ðpiqÞ
EðkiÞ2piq
2
q2
KðkiÞ
 
for q– 0
ð72cÞ
J4i ¼ q
@I3i
@q
 I3i ¼ 1r0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpi þ qp
3q2pið3piq2Þ
ðpiqÞq2 EðkiÞ þ
3r20þð3piq2Þ
q2 KðkiÞ
 3ðr0qÞr20ðr0þqÞq2 Pðn; kiÞ
2
64
3
75
for q– r0 and q– 0 ð72dÞ
in which K(k) and E(k) are the complete elliptic integrals of the ﬁrst
and second kinds with modulus k, and P(n, k) is the complete ellip-
tic integral of the third kind with modulus k and parameter n, and
(Khraishi et al., 2000)
Ri ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpi  q cosup ; rpn ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃs q cosup ;
n ¼ 2q=ðsþ qÞ; ki ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2q=ðpi þ qÞ
p
;
pi ¼ sþ x23=c2i ; q ¼ 2qr0; s ¼ q2 þ r20;
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
; h ¼ arctanðx2=x1Þ:
ð73Þ
During the derivation of Eq. (69a), use has been made of the follow-
ing relation
q2
@I2i
@q
¼ @ðq
2I3iÞ
@q
ð74Þ
which can be proved by direct substitution.
We remark that Eqs. (71a)–(72d) are also applicable to the
trivial case of q = r0, provided that all the terms involving P(n, ki)
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can be integrated directly and the results are omitted here due to
its simplicity. Furthermore, when q = 0, Eqs. (68a)–(69c) are valid,
provided that all the terms involving I3i/q and J4i/q vanish, which
can be veriﬁed by utilizing the L’Hopital’s rule when q? 0. We ﬁ-
nally remark that our new solutions given in Eqs. (68a)–(69c) are
mathematically identical to those derived by Ohr (1972, 1973);
however, our solutions are more explicit, and are applicable to
arbitrary ﬁeld points.Fig. 5. Variation of X3 of a specially oriented triangle ABC with x1 (x2 = 1, x3 = 1).
Fig. 6. Comparison of the displacement component u1 among our circular loop
solution, our 32-gon loop solution, and Ohr’s solution (with ﬁxed x1/b = 25, x2/b = 0).8. Numerical examples and discussions
In this section, our explicit solutions are applied to a couple of
dislocation cases to verify their accuracy while illustrating certain
interesting features we pointed out in previous sections.
Example 1: The quasi solid angle X3 of a planar triangle ABC.
In this example, the quasi solid angle X3 is investigated by vir-
tue of Eq. (66). In Cartesian coordinates (x1, x2, x3), Fig. 4 shows the
variation ofX3 with x3 for a generally oriented planar triangle ABC,
with its three vertices being at dimensionless locations A(3,0,0),
B(0,2,1) and C(0,0,3). Fig. 5 shows the variation of X3 with x1 for
a planar triangle ABC, with its positive normal in the x1-direction
and its vertices at dimensionless locations A(0,0,0), B(0,2,1), and
C(0,0,3). As veriﬁcation, the traditional solid angleX of a planar tri-
angle ABC is also calculated by simply setting c3 = 1 in Eq. (66), and
the numerical results are compared with those by Oosterom and
Strackee (1983). It is clear from Figs. 4 and 5 that Eq. (66) is accu-
rate. Moreover, the discontinuities in these two ﬁgures are clearly
illustrated by our expression (66): The discontinuities at x3 = 1 in
Fig. 4 are totally due to the function U, while those at x1 = 0 in
Fig. 5 are due to the remaining part on the right-hand side of Eq.
(66). The effect of c3 on X3 is also observed from these ﬁgures.
Example 2: A glide circular dislocation loop parallel to the plane
of isotropy.
For this problem, on the one hand, the analytical solution in
terms of complete elliptic integrals is available, as given in Sec-
tion 7 of this paper and in Ohr (1973). On the other hand, a circular
loop can be approximated with arbitrary accuracy by a series of
end-to-end connected straight dislocation segments. Therefore,
this will help verify our solutions for both circular dislocation loops
and straight dislocation segments.
Shown in Figs. 6 and 7 are, respectively, the displacement
component u1 and the stress component r13 produced by a glide
circular dislocation loop of radius r0 (=50b) with its centre beingFig. 4. Variation of X3 of a generally oriented triangle ABC with x3 (x1 = 1, x2 = 1).
Fig. 7. Comparison of the stress component r13 among our circular loop solution,
our 32-gon loop solution, and Ohr’s solution (with ﬁxed x1/b = 25, x2/b = 0).
a b
Fig. 8. (a) An inclined, planar hexagonal dislocation loop. (b) A planar prismatic
hexagonal dislocation loop parallel to the plane of isotropy.
Fig. 10. The non-zero stresses in local coordinates due to an inclined, planar
hexagonal dislocation loop ABCDEF (with ﬁxed x01/b = 0, x
0
2/b = 0).
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When applying the straight segment solution, an inscribed regular
32-side polygon is used to approximate such a circle. It is observed
from Figs. 6 and 7 that, the numerical results of our polygonal loop
solution in terms of the straight segment solutions, i.e., (35a)–(36c)
plus (39) and (40), are in good agreement with those of our circular
loop solution (68a)–(69c) and those of Ohr’s solution. For other dis-
placement and stress components, the numerical results via these
three different approaches also agree well with each other. The
elastic stiffness constants of transverse isotropy used here, as well
as in the subsequent Examples 3 and 4, are those of graphite (Ohr,
1973), namely, c11 = 106, c33 = 3.65, c44 = 0.4, c13 = 1.5, c66 = 44
(1011 dyn/cm2). The corresponding isotropic Lamé constants used
in Example 3 below are k = 14.00, l = 21.94 (1011 dyn/cm2), which
are determined by the Voigt average for graphite (Hirth and Lothe,
1982). We also remark that all the results presented in Example 2,
3 and 4 are dimensionless.
Example 3: An inclined, planar hexagonal dislocation loop.
In this Example 3, we consider an inclined, planar hexagonal
dislocation loop ABCDEF subjected to a constant Burgers vector
(b/
p
2, b/p2, 0) on its face, with the six vertices being at
A(a, 0, a), B(0, a, a), C(a, a, 0), D(a, 0, a), E(0, a, a),
F(a, a, 0) where a = 50b, as shown in Fig. 8a. Fig. 8b is needed in
the next example.
The induced displacement and stress components are evaluated
based on our exact closed-form solutions (28a)–(29c) plus (39) and
(40) for a single straight line segment, along with the method ofFig. 9. The non-zero displacements in local coordinates due to an inclined, planar
hexagonal dislocation loop ABCDEF (with ﬁxed x01/b = 0, x
0
2/b = 0).superposition. The results are shown in Figs. 9 and 10 in local
Cartesian coordinates (x01, x
0
2, x
0
3), with the local unit basis vectors
being
i0 ¼ ð1;1;0Þ=
ﬃﬃﬃ
2
p
; j0 ¼ ð1;1;2Þ=
ﬃﬃﬃ
6
p
; k0 ¼ ð1;1;1Þ=
ﬃﬃﬃ
3
p
ð75Þ
Only the non-zero components of displacements and stresses
are depicted here. It is observed from Figs. 9 and 10 that, while
the dislocation-induced displacements are very close to each otherFig. 11. The displacements (u1 in (a) and u2 in (b)) due to one side AB of a prismatic
hexagonal loop parallel to the plane of isotropy and due to the closed loop (with
ﬁxed x2/b = 25, x3/b = 5).
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stresses in these two full spaces are very different. Furthermore,
due to the material anisotropy, an extra shear stress component
r12 is introduced, apart from the stress component r13 which is
also observed in the isotropic full space.
Example 4: Non-uniqueness of the elastic ﬁeld of a straight dis-
location segment.
To illustrate the non-uniqueness of the displacement and stress
ﬁelds due to a straight dislocation segment, we consider a planar
hexagonal dislocation loop of side-length a parallel to the plane
of isotropy, with its six vertices being at A(a, 0, 0), B(a/2,
p
3a/
2, 0), C(a/2,p3a/2, 0), D(a, 0, 0), E(a/2, p3a/2, 0) and
F(a/2, p3a/2, 0), as shown in Fig. 8b. Since the introduction of
the three integral identities (27a–c) only changes the form of the
elastic ﬁeld solution related to the third component of b, a pris-Fig. 12. The stresses (r11 in (a), r22 in (b), and r12 in (c)) due to one side AB of a
prismatic hexagonal loop parallel to the plane of isotropy and due to the closed loop
(with ﬁxed x2/b = 25, x3/b = 5).matic loop with Burgers vector (0,0,b) is studied here (a = 50b),
and we focus only on the representative segment AB of this loop
in our discussion.
Two types of inﬁnitesimal dislocation line element, correspond-
ing to two different line-integral representations of the elastic ﬁeld
due to an arbitrary dislocation loop, are adopted to develop the
straight dislocation segment solutions, i.e.,
Solution-1: the one corresponding to Eqs. (28a)–(29c), and
Solution-2: the one constructed by re-substituting Eq. (27c) into
Eq. (28a), Eq. (27a) into Eq. (29a), and Eq. (27b) into Eq. (29b). Note
that u3 and r33 are not affected by this procedure, thus will not be
discussed below.
The numerical results for the displacement and stress ﬁelds
based on these two different solutions are shown in Figs. 11 and
12. It is observed that, the displacements and stresses due to the
single segment AB based on Solution-1 are obviously different from
those based on Solution-2; however, for the closed planar hexago-
nal loop, both solutions predict the same unique elastic ﬁeld, no
matter which kind of dislocation line element is utilized to con-
struct this closed loop. We also point out that, since the stresses
ra3 due to segment AB based on these two solutions differ from
each other only slightly, the corresponding curves are omitted.9. Conclusions
In this paper, we have derived a simple line-integral represen-
tation of the displacement and stress ﬁelds due to an arbitrary dis-
location loop in a transversely isotropic elastic full space. In the
case of transverse isotropy, our displacement formulae are simpler
and more explicit than Indenbom and Orlov’s formula (Hirth and
Lothe, 1982), and our stress formulae are simpler and more efﬁ-
cient than Mura’s formula (Hirth and Lothe, 1982). Particularly,
we apply our line-integral solution for dislocation loops to a
straight dislocation segment of arbitrary orientation, and for the
ﬁrst time we express both the induced displacements and stresses
uniformly in terms of elementary functions. Meanwhile, we rigor-
ously demonstrate the non-uniqueness of the elastic ﬁeld due to an
open dislocation segment. We further give a new explicit formula
for calculating accurately and efﬁciently the traditional solid angle
of an arbitrary polygonal dislocation loop. For a circular dislocation
loop parallel to the plane of isotropy, a new explicit expression of
the induced elastic ﬁeld is also presented in terms of complete
elliptic integrals, which is valid for arbitrary ﬁeld points.
Unlike the previous treatment of the corresponding isotropic
case in the literature, we have introduced three quasi solid angles
to describe the displacement discontinuities over the dislocation
surface in a transversely isotropic full space. Based on a convenient
line integral representation of the quasi solid angle, we are able to
extract a simple and intuitive step function to characterize the
dependence of the displacements on the conﬁguration of the dislo-
cation surface. Further, we conclude that, for any complex assem-
bly of dislocation loops which is entirely located within a ﬁnite
cylinder normal to the plane of isotropy, the induced displacement
ﬁeld outside the cylinder can be totally determined by the integra-
tion over the closed dislocation lines, independent of the disloca-
tion surface conﬁgurations inside.
We ﬁnally point out that, from the present line-integral repre-
sentation for a ﬁnite dislocation loop, a closed-form solution for
an inﬁnitesimal dislocation loop can also be achieved by the limit-
ing process, which is useful in developing numerical solutions of
3D crack problems via the distributed dislocation technique (Hills
et al., 1996). The present approach is also applicable to inﬁnite
straight dislocations of arbitrary orientation, provided that one cal-
culates the involved divergent integrals properly in the ﬁnite-part
sense.
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Appendix A. A straight dislocation segment normal to the plane
of isotropy
Corresponding to Case 1 in Section 6, the line integrals required
in Eqs. (43a)–(44c) are listed as follows
~IN;m3 ¼
ðx3B  x3AÞ
dNpn
Z 1
0
dt
Rm
ðN ¼ 0;2;4Þ
~I3N;m3 ¼
ðx3B  x3AÞ2
dNpn
1
l2m
Rmj10 þ Tm 
x3  x3A
x3B  x3A
	 
Z 1
0
dt
Rm
" #
ðN ¼ 2;4Þ
~I33N;m3 ¼
ðx3B  x3AÞ3
dNpn
2
l2m
Tm  x3x3Ax3Bx3A
 
Rmj10 þ 12l2m ½ðt  TmÞRmj
1
0
þ ðTm  x3x3Ax3Bx3A Þ
2  12 ðD2m  T2mÞ
h i R 1
0
dt
Rm
8><
>:
9>=
>;
ðN ¼ 2;4;6Þ ðA1Þ
and
~JN;m3 ¼
ðx3B  x3AÞ
dNpn
Z 1
0
dt
R3m
ðN ¼ 0;2Þ
~J3N;m3 ¼
ðx3B x3AÞ2
dNpn
 1
l2m
ð1=RmÞj10 þ Tm
x3 x3A
x3B x3A
	 
Z 1
0
dt
R3m
" #
ðN¼ 0;2Þ ðA2Þ
The integrals in Eq. (46) are also needed here.
Appendix B. A straight dislocation segment parallel to the plane
of isotropy
Corresponding to Case 2 in Section 6, the line integrals required
in Eqs. (35a)–(36c) are listed as follows
~I0;mj ¼ ðxjB  xjAÞ
Z 1
0
dt
Rm
; ~I2;mj ¼
ðxjB  xjAÞ
l2pn
Z 1
0
dt
!2pnRm
~Ia2;mj ¼
ðxjB  xjAÞ
l2pn
Z 1
0
ðxaB  xaAÞt  ðxa  xaAÞ
!2pnRm
dt
~Ing4;mj ¼
ðxjB  xjAÞ
l4pn
ðxnB  xnAÞðxgB  xgAÞ
Z 1
0
1
!2pnRm
dt þ
Z 1
0
C1t þ C0
!4pnRm
dt
" #
ðB1Þ
and
~J0;mj ¼ ðxjB  xjAÞ
Z 1
0
dt
R3m
~Ja0;mj ¼ ðxjB  xjAÞ 
ðxaB  xaAÞ
l2m
ð1=RmÞj10 þ ½ðxaB  xaAÞTm
(
ðxa  xaAÞ
Z 1
0
dt
R3m
)~Jng2;mj ¼
ðxjB  xjAÞ
l2pn
ðxnB  xnAÞðxgB  xgAÞ
Z 1
0
dt
R3m
þ
Z 1
0
C1t þ C0
!2pnR
3
m
dt
" #
ðB2Þ
where
C1 ¼ 2ðxnB  xnAÞðxgB  xgAÞTpn  ðxn  xnAÞðxgB  xgAÞ
ðxnB  xnAÞðxg  xgAÞ
C0 ¼ ðxn  xnAÞðxg  xgAÞ  ðxnB  xnAÞðxgB  xgAÞD2pn
ðB3Þ
Again, the integrals in Eq. (46) are needed in Eqs. (B1) and (B2).
Meanwhile, we also need to evaluate the integrals of the formZ 1
0
C^1t þ C^0
!NpnR
Z
m
dt ¼
Z s1
s0
ðC^1Þsds
ðkpn þ s2ÞN=2½l2mðkm þ s2ÞZ=2
þ
Z s1
s0
ðTpnC^1 þ C^0Þds
ðkpn þ s2ÞN=2½l2mðkm þ s2ÞZ=2
ðB4Þ
where s0, s1, kpn, km are deﬁned in Eq. (51), and the following inte-
grals are involved
Z sds
ðkpn þ s2Þ½l2mðkm þ s2Þ1=2
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm  kpnÞ
q
2l2mðkm  kpnÞ
ln
n 1
nþ 1 for km – kpn
Z sds
ðkpnþ s2Þ2½l2mðkm þ s2Þ1=2
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm kpnÞ
q
2l2mðkm kpnÞ2
1
2
ln
n1
nþ1þ
n
n2 1
	 

for km – kpn
Z sds
ðkpn þ s2Þ½l2mðkm þ s2Þ3=2
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm  kpnÞ
q
l4mðkm  kpnÞ2
1
2
ln
n 1
nþ 1þ
1
n
	 

for km – kpn ðB5Þ
and
Z
ds
ðkpn þ s2Þ½l2mðkm þ s2Þ1=2
¼ 1
k1=2pn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm  kpnÞ
q arctan f for km – kpn; kpn – 0
Z
ds
ðkpn þ s2Þ2½l2mðkm þ s2Þ1=2
¼ l
2
m
2k3=2pn ½l2mðkm  kpnÞ3=2
ðkm  2kpnÞ arctan fþ km f
f2 þ 1
 
for km – kpn; kpn – 0
Z
ds
ðkpn þ s2Þ½l2mðkm þ s2Þ3=2
¼ km arctan f kpnf
kmk
1=2
pn ½l2mðkm  kpnÞ3=2
for km – kpn; kpn – 0 ðB6Þ
with n and f deﬁned in Eq. (53). The trivial case of km = kpn or kpn = 0
is omitted here.Appendix C. A straight dislocation segment neither normal nor
parallel to the plane of isotropy
The line integrals required in Eqs. (28a)–(29c) for Case 3 are
listed as follows
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Z 1
0
dt
Rm
;
~Ii2;mk ¼
ðxkB  xkAÞ
l2pn
Z 1
0
ðxiB  xiAÞt  ðxi  xiAÞ
!2pnRm
dt
~Iij2;mk ¼
ðxkB  xkAÞ
l2pn
C00
Z 1
0
dt
Rm
þ
Z 1
0
C11t þ C10
!2pnRm
dt
 !
~Iijl4;mk ¼
ðxkB  xkAÞ
l4pn
Z 1
0
C21t þ C20
!2pnRm
dt þ
Z 1
0
C31t þ C30
!4pnRm
dt
 !
~Iij334;mk ¼
ðxkB  xkAÞ
l4pn
K00C00
Z 1
0
dt
Rm
þ
Z 1
0
C41t þ C40
!2pnRm
dt þ
Z 1
0
C51t þ C50
!4pnRm
dt
 !
~Iijl336;mk ¼
ðxkB  xkAÞ
l6pn
Z 1
0
C61t þ C60
!2pnRm
dt þ
Z 1
0
C71t þ C70
!4pnRm
dt þ
Z 1
0
C81t þ C80
!6pnRm
dt
 !
ðC1Þ
and
~Ji0;mk ¼ ðxkB  xkAÞ 
ðxiB  xiAÞ
l2m
ð1=RmÞj10 þ ½TmðxiB  xiAÞ  ðxi  xiAÞ
Z 1
0
dt
R3m
( )
~Jijl2;mk ¼
ðxkB  xkAÞ
l2pn
Z 1
0
C31t þ C30
!2pnR
3
m
dt  C21
l2m
ð1=RmÞj10 þ ðTmC21 þ C20Þ
Z 1
0
dt
R3m
" #
ðC2Þ
where
C00 ¼ ðxiB  xiAÞðxjB  xjAÞ
C10 ¼ D2pnC00 þ ðxi  xiAÞðxj  xjAÞ
C11 ¼ 2TpnC00  ½ðxi  xiAÞðxjB  xjAÞ þ ðxiB  xiAÞðxj  xjAÞ
K00 ¼ ðx3B  x3AÞ2
K10 ¼ D2pnK00 þ ðx3  x3AÞ2
K11 ¼ 2TpnK00  2ðx3B  x3AÞðx3  x3AÞ
C21 ¼ ðxiB  xiAÞðxjB  xjAÞðxlB  xlAÞ
C20 ¼ 2TpnC21 
þðxi  xiAÞðxjB  xjAÞðxlB  xlAÞ
þðxiB  xiAÞðxj  xjAÞðxlB  xlAÞ
þðxiB  xiAÞðxjB  xjAÞðxl  xlAÞ
2
664
3
775
C31 ¼ 2TpnC20  D2pnC21 þ
þðxiB  xiAÞðxj  xjAÞðxl  xlAÞ
þðxi  xiAÞðxjB  xjAÞðxl  xlAÞ
þðxi  xiAÞðxj  xjAÞðxlB  xlAÞ
2
664
3
775
C30 ¼ D2pnC20  ðxi  xiAÞðxj  xjAÞðxl  xlAÞ
C41 ¼ C11K00 þ C00K11; C40 ¼ C11K11 þ C10K00 þ C00K10
C51 ¼ 2TpnC11K11 þ C11K10 þ C10K11;
C50 ¼ D2pnC11K11 þ C10K10
C61 ¼ C21K00; C60 ¼ C21K11 þ C20K00
C71 ¼ C31K00 þ C21K10 þ ð2TpnC21 þ C20ÞK11
C70 ¼ ðC31  D2pnC21ÞK11 þ C30K00 þ C20K10
C81 ¼ C31ð2TpnK11 þK10Þ þ C30K11;
C80 ¼ D2pnC31K11 þ C30K10 ðC3ÞWhen [lm  (dm  lm)]  k = 0, i.e., Tm = Tpn, we need Eq. (46), Eqs.
(B4)–(B6) and the following integralsZ sds
ðkpn þ s2Þ3½l2mðkm þ s2Þ1=2
¼ l
4
m
½l2mðkm  kpnÞ5=2
 3
16
ln
n 1
nþ 1þ
3
8
n
n2  1
1
4
n
ðn2  1Þ2
" #
for km – kpn
Z sds
½l2mðkm þ s2Þ3=2
¼  1
l2m
1
½l2mðkm þ s2Þ1=2
ðC4Þ
andZ
ds
ðkpn þ s2Þ3½l2mðkm þ s2Þ1=2
¼ l
4
m
k5=2pn ½l2mðkm  kpnÞ5=2

ð38 k2m  kpnkmÞ ff2þ1þ 14 k
2
m
f
ðf2þ1Þ2
þð38 k2m  kpnkm þ k2pnÞ arctan f
2
4
3
5 for km – kpn; kpn – 0
Z
ds
½l2mðkm þ s2Þ3=2
¼ 1
l2mkm
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mðkm þ s2Þ
q for km – 0 ðC5Þ
with n and f being deﬁned in Eq. (53). Again, the trivial case of km =
kpn or kpn = 0 is omitted here.
When [lm  (dm  lm)]  k– 0, i.e., Tm– Tpn, we need the follow-
ing integralsZ 1
0
C^1t þ C^0
!2pnRm
dt ¼ 2-2
kþpn
Z s1
s0
ðH11sþH10Þsgnhsþ 1i
ðkpn þ s2Þ½ðl2mkþmÞðkm þ s2Þ1=2
ds
Z 1
0
C^1t þ C^0
!4pnRm
dt ¼ 2-2
ðkþpnÞ2
þ R s1s0 ðH21sþH20Þsgnhsþ1iðkpnþs2Þ½ðl2mkþmÞðkmþs2Þ1=2 ds
þ R s1s0 ðH31sþH30Þsgnhsþ1iðkpnþs2Þ2 ½ðl2mkþmÞðkmþs2Þ1=2 ds
2
4
3
5
Z 1
0
C^1t þ C^0
!6pnRm
dt ¼ 2-2
ðkþpnÞ3
þ R s1s0 ðH41sþH40Þsgnhsþ1iðkpnþs2Þ½ðl2mkþmÞðkmþs2Þ1=2 ds
þ R s1s0 ðH51sþH50Þsgnhsþ1iðkpnþs2Þ2 ½ðl2mkþmÞðkmþs2Þ1=2 ds
þ R s1s0 ðH61sþH60Þsgnhsþ1iðkpnþs2Þ3 ½ðl2mkþmÞðkmþs2Þ1=2 ds
2
66664
3
77775
Z 1
0
C^1t þ C^0
!2pnR
3
m
dt ¼ 2-2
kþpn
þ R s1s0 ðH21sþH20Þsgnhsþ1i½ðl2mkþmÞðkmþs2Þ3=2 ds
þ R s1s0 ðH31sþH30Þsgnhsþ1iðkpnþs2Þ½ðl2mkþmÞðkmþs2Þ3=2 ds
2
4
3
5 ðC6Þ
where s0, s1 and kpn, km are deﬁned in Eqs. (65) and (59) respec-
tively, and
H11 ¼ C^1ð-1 þ-2Þ þ C^0; H10 ¼ C^1ð-1 -2Þ þ C^0
H21 ¼ H11; H20 ¼ 2H11 þH10
H31 ¼ 2H10 þ ð1 kpnÞH11; H30 ¼ ð1 kpnÞH10  2kpnH11
H41 ¼ H11; H40 ¼ 4H11 þH10
H51 ¼ 2½ð3 kpnÞH11 þ 2H10;
H50 ¼ 2½ð3 kpnÞH10 þ 2ð1 2kpnÞH11
H61 ¼ ½ð1 kpnÞ2  4kpnH11 þ 4ð1 kpnÞH10
H60 ¼ ½ð1 kpnÞ2  4kpnH10  4kpnð1 kpnÞH11
ðC7Þ
As is discussed in Section 6 for Case 3, the integrals involved in
Eq. (C6) can be integrated analytically via Eq. (64).
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